Abstract -Excitation of radial pulsations in red supergiants of Magellanic Clouds is investigated using the stellar evolution calculations and the self-consistent solution of the equations of radiation hydrodynamics and turbulent convection. The stars with initial masses 6M ⊙ ≤ M ZAMS ≤ 28M ⊙ and the initial chemical composition X = 0.7, 0.004 ≤ Z ≤ 0.008 are shown to be unstable against fundamental mode oscillations with periods from 17 to 1200 days as they become helium burning red supergiants. The period-luminosity relation slightly depends on the mass loss rate varying with a factor of three, whereas its dependence on the metal abundance is given by δM bol = 0.89δ log Z. In comparison with galactic red supergiants the low metal abundances in red supergiants of Magellanic Clouds are responsible for their higher effective temperatures and substantially narrower ranges of evolutionary radius change during helium burning . Therefore on the period-mass diagram the red supergiants of Magellanic Clouds are located within the strip with width of δ log M ≈ 0.09, so that the uncertainty of mass evaluation of the red supergiant with the known pulsation period is nearly 25%.
red supergiants is of great importance due to the fact that in comparison with Cepheids they are more appropriate for extragalactic distance calibration ; Jurcevic et al.
2000).
However in contrast to Cepheids with well known mechanism of pulsation instability the red supergiants still remain scarcely studied pulsating variable stars. Theoretical studies of pulsational instability in red supergiants were presented only in two papers by Li and Gong (1994) and Guo and Li (2002) devoted to the linear nonadiabatic analysis of radial oscillations. The authors concluded that the observed variability of red supergiants is due to radial oscillations in either the fundamental mode or the first overtone and pulsations are driven by the κ-mechanism in the helium ionizing zones. Unfortunately, the linear analysis employed in these studies is based on the simplified treatment of convection and does not take into account effects of turbulence (Li 1992a (Li , 1992b . In red supergiants the turbulence plays an important role because of the large extension of the outer convective zone (as large as 70% of the stellar mass) as well as due to substantial contribution of the turbulent pressure which is as large as one third of the total thermodynamic pressure (i.e. the sum of the gaseous and radiation pressure).
Hydrodynamic calculations of nonlinear radial oscillations in red supergiants based on the self-consistent solution of the equations of radiation hydrodynamics and turbulent convection were done by Fadeyev (2012) . This study deals with stars with initial masses 8M ⊙ ≤ M ZAMS ≤ 20M ⊙ and relative mass abundances of hydrogen and elements heavier than helium (metals) X = 0.7 and Z = 0.02, respectively. However, this composition is typical for Population I stars of our Galaxy, whereas in stars of LMC and SMC the metal abundancies are significantly lower: 0.003 ≤ Z ≤ 0.008 Torres-Peimbert 1974, 1976) . In the present paper we show that lower metal abundances in red supergiants of LMC and SMC lead to effective temperatures higher by 300 K ≤ ∆T eff ≤ 500 K in comparison with galactic red supergiants. In late-type stars (T eff ≈ 3500 K) such a difference in effective temperatures leads to significant changes in both stability of the star against radial oscillations and the pulsation period.
The goal of the present work is to study the pulsational properties of red supergiants in LMC and SMC with methods of hydrodynamic computations of nonlinear radial stellar oscillations.
We consider the stars with initial masses 6M ⊙ ≤ M ZAMS ≤ 28M ⊙ and relative mass abundances of hydrogen and metals on the zero age main sequence (ZAMS) X = 0.7 and Z = 0.004, 0.008, respectively.
the method of computations stellar evolution
The study of self-exciting stellar oscillations is the Cauchy problem for equations of radiation hydrodynamics and turbulent convection that describe the spherically-symmetric motion of the self-gravitating gas. Initial conditions in such a problem are the spatial distributions of physical variables corresponding to the hydrostatic equilibrium. In the present work the initial conditions are obtained from the stellar evolution calculations. Description of the methods employed are given in our previous papers (Fadeyev 2007 (Fadeyev , 2010 .
In calculations of stellar evolution we used the steady-state local convection model (Böhm-Vitense 1958) with the ratio of mixing length to pressure scale height ℓ/H P = 1.6. It was also assumed that the size of the convective core increases due to convective overshooting by 0.1H P .
Stars with initial masses 6M ⊙ ≤ M ZAMS < 15M ⊙ occupy the red supergiant domain only during the initial phase of core helium burning and later they leave this domain as helium is exhausted in the convective core. Clouds is obtained with the formula by de Jager et al. (1988) . In the present study the mass loss rate of evolving red supergiants was assumed to beṀ = fṀ NJ , whereṀ NJ is the mass loss rate evaluated by formula of Nieuwenhuijzen and de Jager (1998) which only insignificantly differs from that by de Jager al. (1988) . The factor f is introduced to estimate the dependence of results of hydrodynamic computations on uncertainties in mass loss rates and in stellar evolution calculations was fixed in the range 0.3 ≤ f ≤ 1.
The role of the mass loss rate in the evolutionary track of the red supergiant with initial mass M ZAMS = 20M ⊙ and metal abundances Z = 0.004, 0.008 and 0.02 is illustrated in Fig. 1 .
Of most interest are parts of the track that correspond to the helium core burning and in We do not discuss the stage of gravitational core contraction because of negligible probability to observe such stars.
nonlinear stellar pulsations
In solution of the equations of hydrodynamics we assumed that the flux of enthalpy F c and the flux of the turbulent energy of convective elements F t are defined according to Kuhfuß(1986) .
In contrast to previous works of the author (Fadeyev 2011 (Fadeyev , 2012 ) the equation of motion and the energy equation are written in the following form:
The equation of motion (1) describes the change of the radius r and velocity U = ∂r/∂t of the mass zone with Lagrangean coordinate M r due to gravity (here G is the gravitational constant) and gradients of the total thermodynamic pressure P (the gas pressure and radiation pressure) and the turbulent pressure P t . The last term in the right-hand-side of equation (1) accounts for the momentum transfer between the gas flow and turbulent elements.
Equations (2) and (3) describe the change of the specific internal energy of gas E (the sum of the translational energy of gas particles, excitation and ionization energy of atoms, energy of radiation) and the specific turbulent kinetic energy E t . Here ρ = 1/V is the gas density, V is the specific volume, F r is the radiation flux calculated in approximation of radiation heat conduction. The coupling term C t is defined as
where S t is the rate of specific turbulent energy generation due to buoyancy forces, D t and D rad are the rates of turbulent energy dissipation due to molecular viscosity and radiation, respectively. Formulae for these quantities are given by Wuchterl and Feuchtinger (1998) .
The turbulence is assumed to be isotropic, so that viscous stresses are determined by the Reynolds stress tensor (see, e.g., Pope (2000)). In spherical geometry the rates of momentum transferU t and energy transferĖ t between gas flows and turbulent elements are scalar trace-free parts of the Reynolds tensor (Wuchterl and Feuchtinger 1998) .
results of hydrodynamic calculations pulsational instability domain
Some models of evolutionary sequences corresponding to the thermonuclear core helium burning were used as initial conditions in the Cauchy problem for equations (1) Integration of the equations of hydrodynamics (1) - (3) with respect to time t was accompanied by evaluation of the kinetic energy
where U j is the gas flow velocity in the j-th Lagrangean zone, ∆M j−1/2 is the mass interval between (j − 1)-th and j-th zones. The value j = 1 corresponds to the inner boundary of the hydrodynamical model where U 1 = 0 and the luminosity satifies the condition ∂L 1 /∂t = 0.
Exponential decrease of the averaged over cycle kinetic energy E K (t) shows that the star is stable against radial pulsations. For the criterion of pulsational stability we used the condition that the averaged over cycle kinetic energy decreases by at least two orders of magnitude in comparison with kinetic energy of the initial perturbation.
In the case of the growth of kinetic energy the hydrodynamic calculations were carried out untill the limit cycle is attained and the averaged over cycle kinetic energy E K becomes independent of time. This condition is fulfilled for models with initial masses M ZAMS ≤ 15M ⊙ due to small nonlinear effects. In more massive stars the amplitude of limit cycle oscillations varies from cycle to cycle and the condition of the constant cycle-averaged kinetic energy is fulfilled only approximately within sufficiently large time intervals.
The mean period of radial pulsations Π was evaluated from the discrete Fourier transform of the temporal dependence E K (t) for both pulsationally stable and pulsationally unstable models. Within the initial time interval with linear change of ln E Kmax the instability growth rate η = Πd ln E Kmax /dt was evaluated, where E Kmax is the maximum kinetic energy attained within one oscillation cycle. For all hydrodynamical models with positive growth rate (η > 0) stellar pulsations were found to be in the fundamental mode.
The change of the instability against radial oscillations in the evolving red supergiant is illustrated by plots of η in Fig. 2 for several values of M ZAMS . The plots are shown versus the relative mass abundance of helium in the stellar center X( 4 He) c because duration of thermonuclear helium burning depends on the stellar mass. In all models the onset of the core helium burning takes place for 0.97 ≤ X( 4 He) c ≤ 0.99.
The growth rate of pulsational instability depends on many factors but the most important is the size of the outer convective zone. Luminosity decrease of red supergiants 15M ⊙ < M ZAMS ≤ 20M ⊙ during the initial helium burning (see Fig. 1 ) is accompanied by shallowing of the outer convective zone. For X( 4 He) c ≈ 0.4 the mass of the convective zone reaches its minimum (nearly a half of the stellar mass) and as is seen from plots in Fig. 2 for M ZAMS = 18M ⊙ and M ZAMS = 20M ⊙ the pulsational instability growth rate becomes highest. Further helium exhaustion is accompanied by increase of the both luminosity of the red supergiant and mass of the outer convection zone, whereas the instability growth rate η decreases.
Typical plots of the gas flow velocity at the upper boundary U and the bolometric light Instability against radial oscillations enhances with increasing M ZAMS due to higher stellar luminosity and increasing nonadiabaticity of stellar pulsations. This is illustrated in Fig. 2 by the plot for the model sequence M ZAMS = 25M ⊙ . Here however one should be noted that for η > 0.2 estimates of this quantity become incorrect because of the small number of maxima of the kinetic energy during the stage of instability growth.
period-luminosity relation
The change of the pulsation period Π of the evolving red supergiant is mainly due to evolutionary changes of its radius R because the period of the fundamental mode is proportional to the sound travel time from the stellar center to the surface. In the beginning of thermonuclear helium burning the luminosity of the red supergiant decreases and the effective temperature increases (see Fig. 1 ) therefore the fundamental mode period diminishes. Following increase of luminosity and decrease of effective temperature are accompanied by increase of the period Π.
Such a general property of red supergiants is illustrated in The general period-luminosity diagram involving all hydrodynamical models computed in the present work is shown in Fig. 6 . In this diagram we represent 83 hydrodynamical models for
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where the period Π is expressed in days. For Magellanic Clouds (0.004 ≤ Z ≤ 0.008) the dependence of the absolute bolometric light M bol on Z is approximately given by relation
which slightly differs from δM bol = 0.83δ log Z obtained by Guo and Li (2002) .
period-mass diagram
The most important application of the stellar pulsation theory is the determination of the stellar mass with the period-mean density relation. To this end together with the period of light variations Π one should have the observational estimate of the mean radius of the pulsating star R. Unfortunately, for red supergiants such an approach is impossible because of too large uncertainties in observational estimates of their effective temperatures. In particular, the problem is complicated due to both distorted continuum because of numerous molecular absorption bands and circumstellar reddening by dust grains condensing in the stellar wind.
However there is another approach to establish the relationship between the stellar mass M and the pulsation period Π without observational estimates of the stellar bolometric magnitude and effective temperature. Such a relationship can be determined because the evolutionary changes of the luminosity during thermonuclear helium burning proceed within rather narrow ranges. For example, for metal abundances 0.004 ≤ Z ≤ 0.008 the evolutionary luminosity variations range from δ log L = 0.08 for 25M ⊙ to δ log L = 0.14 for M ZAMS = 6.
Evolution of the pulsationally unstable red supergiant in the period-mass diagram is shown 
where the period Π is expressed in days.
conclusion
Results of stellar evolution and nonlinear radial pulsation calculations show that oscillations of red supergiants in the Magellanic Clouds are due to instability of the fundamental mode.
In the HR diagram the pulsational instability domain encompasses the wide luminosity range However, due to enough small evolutionary changes of the stellar radius during the thermonuclear helium burning the masses of red supergiants in LMC and SMC can be evaluated using the observational estimate of the period of light variation from the period-mass relation (8) .
The uncertainty of this estimate δ log M ≈ 0.09 (i.e. no more than 25%) is substantially less that for galactic red supergiants where the uncertainty of mass determination is around 50% (Fadeyev 2012 ).
The recent empirical period-luminosity relations for red supergiants in LMC and SMC are determined in magnitudes of near-IR photometric bands and uncertain effective temperatures of these stars do not allow the bolometric magnitudes to be correctly determined. Furthermore, there is considerable discrepancy between photometrical data obtained by different observers (see, for example, Fig. 13 in the paper by Yang and Jiang (2011)). That is why the theoretical period-luminosity relation in Fig. 6 was not compared with observational data.
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